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Abstract: Small-radius Frenkel excitons coupled with phonons can have diverse configurational
structures depending on the symmetry of the electronic states involved and that of the associated modes of
the inter-ionic/molecular vibrations. It is considered here that the symmetric excitons arise from the
coupling with symmetry-retaining vibrational modes and vibronic excitons from the coupling to symmetry-
breaking modes. Three examples are discussed: (i) formation of the barriers of exciton self trapping, as it
occurs in the dimer formation at semiconductor surfaces, (ii) parity breaking that occurs at a centro-
symmetric site and leads to an inversion electric dipole which enhances the polarizability and binding energy
for pairing vibronic excitons, and (iii) a Bose condensation model of quasi-2D excitons applicable to the
layered materials.

INTRODUCTION

Excitons in crystalline solids have been studied extensively (1-3). An exciton can couple to the phonon field
resulting in a lattice distortion around itself. The form of lattice distortion depends on the symmetry of the
associated lattice vibration. The motion of a phonon-coupled exciton in a deformable lattice is hindered by
its accompanying distortion. An exciton accompanied by a lattice distortion is defined here as an excitonic
polaron. Now the character of the lattice distortion depends on the magnitude and spatial range of the
carrier-phonon coupling, and dimensionality of exciton motion. For example, if the exciton couples strongly
with the atomic displacements in its neighbourhood, a short-range distortion (shrunk distortion) arises lead-
ing to a small excitonic polaron. In three dimensions (3-D) the distortion is always shrunk (short range),
but in one dimension (1-D) it is of a long range (spatially extended) at weak coupling and gradually shrinks
as the coupling increases. The two-dimensional (2-D) self-trapping is an interplay of 1-D and 3-D features
(4). Excitonic polaron mobile at weak coupling may become immobilized or self-trapped at strong
coupling. There exists a barrier between free and self-trapped state as first pointed out by Rashba (5).

In this paper, we have studied the effect of symmetry of the associated lattice vibrations on the behaviour
of small excitonic polarons (6). Non-degenerate electronic states can only couple to symmetry-retaining
vibrational modes and create symmetric distortions. However, degenerate or nearly-degenerate states
coupled strongly with the symmetry breaking modes, may lead to vibronic excitons (7). Off-centered
vibronic excitons may be formed if the original site-symmetry incorporates the spatial inversion.
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SMALL EXCITONIC POLARONS

The Hamiltonian of a Frenkel exciton coupled to a lattice can be written as (2,6):

H = Z Ei(8)Bi(8) Bu () + D Iin(8) Bii(8) B (8) +
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where Ei(s) and B*;(s) are the energy and creation operator of an exciton, respectively, with spin s in band
t and localized at site /. 5, m(S) is the excitation transfer matrix element between sites / and m, and Py, My
and K are the momentum, reduced mass and force constant of an interatomic mode of coordinate Qj,
respectively, and Gy () is the corresponding coupling constant. As the Hamiltonian must be invariant with
respect to the site point-group, the symmetry of the electronic levels and that of the coupled vibration is
interdependent. For instance, the vibration will conserve the original site symmetry if the electronic levels
are nondegenerate, but the symmetry will be destroyed if these levels are degenerate or nearly-degenerate.
Symmetry-retaining polarons have been introduced by Holstein (8) a long time ago, while symmetry-
breaking ones, such as Jahn-Teller and Pseudo-Jahn-Teller polarons (7), have drawn attention only more
recently.

Writing the eigenstate of an excitonic polaron in a band £ as a superposition of one-exciton states:

|t,5)= ;cn(S)BZ <)o) . @

we solve the Schroedinger's equation using the Hamiltonian of Eq.(1) without the kinetic energy operator
of lattice vibrations (adiabatic). Thus we get a secular equation as:

{Eu (s)+ '1' Z Kire Q?,, —FEux (Qm):| Cr(8)+
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where E4p(2,s) is the adiabatic energy eigenvalue.

Symmetric Excitonic Polarons
We consider a two-site case, / and m, taking m = /-1 an only one energy band ¢ in Eq.(3) to obtain a

quadratic equation. Usually E,, K; and G, are independent of the site / and J%;.; = 7%.,;, = J; for nearest
neighbors. For a symmetric mode, taking Qi = -Q1.1.n = O; we get:

1
EAD:(QI)=E1+EKIQIZi\/GIZQ12+‘712 > )

where the band index ¢ is dropped for simplification and E4p.(Q;) thus obtained is a double-well potential
for |9 < G*K; centered symmetrically at Q; = 0 with two side minima at Qo+ given by:

VG -K*3?
Qo == ’
GK
where we have assumed G; = G, K; = K and J; = J. The configurational distortions at +Qp and -0, relate to
the two sites at / and /-1, respectively. E,p.(Q) has a maximum at Q = 0 which forms a real barrier due to J,
and the exciton bandwidth, 27, splits E4p+(Q) and E,4p(Q) at the symmetric point. The exciton-phonon

coupling lowers the exciton energy below the peak of £,4p.((0) to form an excitonic polaron band.
Having solved the adiabatic problem, we consider E,4p.((Q) as the potential in the Hamiltonian for a two site
vibronic problem as:

)

Ho= fw +En(Q) | ©)
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where M is the reduced mass of a two site oscillator (M = M + M,"). We solve the Schroedinger's
equation by a linear combination of ground-state harmonic-oscillator wave- functions centered at the two
wells. We thus obtain the fullwidth, Se.s, of the excitonic polaron band as:

Sevib =7 (1 -3 Zﬂ) cosech{% {1 - (%}2}} , @)

centered at Ep given by:

1 J J
=—ho+E; - Eg-——0rI(1+ 8§} ——~5| . 8
Ep=5ho +E~Eu 1—52[( S)4E” s} ®)
The binding energy of an excitonic polaron can be defined as Es= -Ep. § = exp{-E,/ho)[1-(92E;)]} is
the overlap integral, and Ejr is defined as E;r =G*/2K, which is equivalent to the Jahn-Teller’s energy for a
degenerate case. Qo is real for |J|<2E,r, the condition for forming a small excitonic polaron of radius
proportional to £z (Ep in cm™).

Jahn-Teller (JT) Excitonic Polarons

We next consider a doubly-degenerate conduction band arising from two local levels (¢ and #). We set the
energy E;, = E (= 0) and assume the band-off-diagonal coupling to an interband-mixing mode independent
of the site, as O = Q; = Q. Using the two sites approximation again, we define a composite mode Q; as O
= Qcos(B), Or; = Qsin(B), which gives a symmetry-breaking component at f = n/4 leading to O = Qs =
Q/+/2 . The corresponding APES is obtained as:

EAux(Q)=%[KQ21\/4G2Q2+2(‘712+7r2')i2|J,-Jrl 4GZQ2+(7,+J:-)2} - ©

Ep+ (Q) and Ep. (Q) split adiabatically at Q = 0 by E4p+(0) - E4p.(0) = |7+ 7], which is the effective free-
exciton bandwidth. The JT excitonic polaron lowers the site symmetry without violating the parity
conservation and induces a configurational distortion away from the symmetric site at 0 = 0. The excitonic
polaron hops between neighbouring sites inciting a local lattice distortion, while its energy falls down into a
narrow excitonic polaron band.

Pseudo-Jahn-Teller (PJT) Excitonic Polarons

Here we consider a conduction band originating from two nearly- degenerate local levels, due to the inter-
site coupling. We assume 7 and ¢’ to be of opposite parities and set £y = Erj = -Ejp = -Er;r = -En/2. Also,
by setting Q; = Q1. = O, K; =K1, =K and G; = G;.; = G/2, and assuming J; = J» = J we get:

EADt(Q)%[K o i(\/4GzQ2+E§~ 127)} . (10)

A saddle-point splitting of the two branches now results from both the energy gap E. between ¢ and ¢’ and
the exciton hopping term J. We find virtual extrema of E4p+ at O = 0 and (), where

Qo

422 i 2
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In the weak coupling limit, 4E,7/E, < 1, the real extrema appear at = 0 only: an anharmonic well of the
upper branch E,p.(Q) and another one of the lower branch E,;5.(Q). The excitonic polaron is on- center
retaining the particular site symmetry. This harmony is disrupted at strong coupling, 4E;/E > 1, and the
central extremum of E,p.(Q) turns into a maximum and two lateral wells appear at +0,. The upper branch
E.p-(Q) grows steeper but retains a minimum at Q = 0. In this coupling range the original symmetry is
broken and the exciton becomes off-center to a lower symmetry at £(o. The two branches come as close as
Ewat Q =0. Due to the polaronic effect, the exciton energy is lowered from one of the free exciton bands,
of width J, or Jy, to an excitonic polaron band of width 8¢, given by:
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2
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and centered at an energy €p as:
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where S, = exp{-(2E//ho)[1-(Ex/4E;r)*]}. One gets the large-radii excitons for 4E;r ~ E, and small-
radius ones for 4E;r >> E,. The vibronic exciton band hosts the hopping between off-center sites.

The above analysis of excitonic polarons amounts to carrying out a renormalization of the exciton Hamilto-
nian, obtained as:

% = D 9% BiBv+ 2 exBiBu (14)

(s Its

where J% =8g,/2 and ei(s) = Ei(s) + €p are the renormalized hopping and single-particle energies,
respectively. While the energy lowering tends to stabilize the vibronic exciton, the interwell hopping tends
to restore the original site symmetry. Eq.(12) projects an energy gap E; onto an off-center polaron hopping
band 8E, composed of energy levels from the vibronic mixing of J; and J,. This band is wider for 4E;/E,y >
1 close to the onset of an off-center instability. Consequently, a large-radius exciton makes rapid flips
between off-centered sites bringing back on the average the original site-symmetry. At 4E,7/E, > 1, 8E, is
too narrow to sustain the interwell transfer; so the small-radius vibronic exciton gets immobilized in a
lower-symmetry well.

APPLICATION OF EXCITON SELF TRAPPING

Here we consider a special case of exciton self-trapping that leads to the localization of a pair of holes at a
chemical bond in semiconductors (9,10). The process leads to the bond-breaking and ejection of atoms
from the surface. Also the di-electron localization taking place at Ga dangling bonds is predicted by density
functional calculations near adatoms on GaAs surfaces assisted by strong lattice relaxation (11). The
combined process may be regarded as an exciton-pair localization.

We consider a two-step localization process in which two holes (or electrons) are trapped at a bond in a se-
quence. While the first hole stays trapped, the second one experiences a potential U(r) due to the first hole,
including the screening effect of the electron-hole atmosphere and the carrier-lattice interaction potential.
The potential U(r) is repulsive at long range but attractive at short range, as given below:

U(r,0)=~(GQ+Uo)|1-0(r - ro- 0)] +e—zexp(-~r-)®(r—ro—Q) : (1s)
xr ro

where r is the separation between the two holes, 7, the trapping radius, ®(r) the step function,
rp= .Jekg T / Spme2 is Debye's screening radius, k the dielectric constant and m the free carrier density.

Defining an attractive potential U.¢ between the two holes we can get U.g= GQ - U = Up - Ejx < 0, where
Us is the Hubbard’s repulsive potential. We can now write the Hamiltonian as:

H =Hy,+Hp+Hnpn (16)
2
Hy=2 U@ 0 an
2my
P 1 2
==——+-K 18
HPh 2M 2 Q ( )

Hi-pn=b(r)Q (19)
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where b(r) =0U (r,Q)/anQ=0 is the hole-phonon coupling coefficient and X = Ma? is the mode force

constant. For solving Schroedinger's equation with the adiabatic Hamiltonian Hyp = H - P*/2M we choose
a basis of two eigenstates of H, + Hj.,: (i) a free hole state |k) with energy E; and (ii) a bound state |b)
with energy E,. Thus we get:

E«(Q= %(be*‘Hu i\/(be+Hu)2 +2IH»|’J , (20)
where

H»=<beAD}b>=§K(Q—Q,,)z—<Em—W-Uo> e}

0=-2, pa-lkgi=2

H~.=(k1HADIk)=5KQ + b Q + Ex (22)

Hu=Hp=(b|H.|k) =540 (23)

with by, = (b|b(r)|b) =-G, bux = (k|b(r)|k) = 0, by = (B|b(r)}k) = -G{blk)i. The bound-state minimum at Q =
Qs in Hys is stabilized by a lattice relaxation energy E;z = G*/2K and destabilized by the bound hole kinetic
energy E,, roughly equal to the free hole half-bandwidth ¥, as well as by Hubbard's energy . Since the
overlap of a free hole state with the bound hole state is infinitesimally small, the phonon-assisted transition
rate, kg, from |k) to |b), becomes dominant and is obtained as (12):

2 nksT ( ) ( Eue )
= hi 24
krs 7o\ Ex sin. 'ku(Qbk)' €xp| sl (24)
where
1 W+UoEs)’
En==KQu+buQy=—"—""""—.
2 Ewr

E,y is the crossover barrier between parabolae H,, and Hy relative to the minimum energy, E, of Hy. The
crossover occurs at O, given by:

0, = Ev—~Ex _ W+Us—

bkﬁ = bbb G
We sum over the energy in the sea of free hole states (Fig.1), and then the rate in Eq.(24) becomes:
2 |mksT ( ) ( Euw )
kr= sinh ex , 25
ot Cyse LD (25)

where
Huy =bu Oy, = (W+U° Eh)<b{k>

and then converting the summation into an integration in Eq.(25) we get:

2 [rksT . ( ho )
kr= sinh X
Yo\ En 2457

J‘Kblka Ib)Ln (w+Uo- E)2 exp{

n

, (26)

—(W-+-U0-E)2 EViE
4EwrksT PE)

where p(E) is the hole density of states. For a surface, we can set p(E) = Ni/W, where N; is the number of
surface bonds, and then Eq.(26) becomes:
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- 2 A;V :::)(kBT) (o143k 8, ) sinh( ZZ‘:TJ ‘

x{u exp(—u?) + —‘/zi[l -F (u)]}
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where
2
, (W+Uo)
" 4EwksT
and «? is related to the barrier height Ey, between free and self-trapped hole states shown in Fig. 1, which is
obtained as: F,,= KQ§0/2 = (W+Uo)2 /4E . At u >> 1 the rate in Eq.(27) is proportional to exp(-u%) =
exp(-Ero'ksT).

Fu) = —j? J'o xpl-)er, u

E@

N

Fig.1. Adiabatic potentials of the sea of free holes (left) and of the bound hole (right).

ELECTROSTATIC RESPONSE

Another example is the electrostatic response of off-centered vibronic excitons. Previous studies have sug-
gested that exciton pairing may occur via a dipole-dipole coupling (13). Here we show that the exciton
pairing may be enhanced by symmetry breaking through off-center displacement, similar to the situation in
ammonia molecule (14). The peculiar behaviour of polarons coupled to asymmetric modes has already been
suggested by Holstein (8) who found that the coupling to an asymmetric intramolecular vibration could
split the vibronic potential double well, which is quite similar to what is found in the theory of the inversion
spectrum of the ammonia molecule.

Electric-field coupling

As excitons are polarizable, they may be expected to couple to an external electric field through permanent
or induced dipoles. Consider an extra charge e; localized at site J, whose interaction energy with a
quantized field of small excitons can be written by multipole expansion as:

H =Sijw‘.\'W(iaj|W‘) B:;:ij‘: ’ (28)
where — Y wo (pep,
W(iiw) = 22 jw“(’ T)W“ @1 gr =), 0 - poy-F 29)
L$ r—ri

where U, = ere/kR? and F, = e;R /xR, is the field due to the extra charge. p, is a v-v’ mixing dipole:
Do = J'w:(u,- Yew wy(wi)du; G0)

where w,(u) are Wannier's functions.
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The expectation value of H' in |[4D-;(Q) state at E,5.(Q) is obtained as:
<H'i1> = <AD-;QH',,-|AD—;Q> == Py Fic0s(d,) == p,. (O F:
where incorporating the adiabatic off-center dipole at O we get:
2GQ

y (Q) =P cos(¢in‘) = pm‘-\/——z_;_ . @3 1)
2GO + E%

Averaging of Eq.(31) over the ground state centered at £(J, gives:

£ (0) = £ Py 1—[ 4EE) . (32)

The eigenvalues of the complete vibronic Hamiltonian

- - L 0 2 |

Hos = Hos (), =145 (KO~ 1260 + £2) - pu 0D F (33)

give
\/ (27, (Q)-F.)
8ew (F) =1/8e (0) + ——5—— (34)
1-

and

E,(F)=E,(0) . (35)

Thus the field widens the tunneling splitting 8e,» but leaves the binding energy E,(F) unchanged. The
field-dependent term in Eq.(34) is a monopole - induced-dipole coupling potential giving rise to a binding
energy U, as:

1 e (O] 2 S s F?
Us = [860 (F) =860 (]2 S F? (36)
where
_[pwt@costp.F)] .
Olvip = dg”\ (0) ( )

is a renormalized vibronic polarizability (cf. (14,15)).

Dipole-dipole pairing
The exciton-exciton pairing interaction also can be described in a similar way. Defining a pair interaction
Hamiltonian as:

1 o + +
Hy= 'Z—Zaﬂrys,yjkl W(aBydljkl) Biws Bjss Bus Biss: (38)

where

W (oByd|ijkl) = _?:_w; (r—r)wp (r‘_l,:)—u:'(r—rk)m (r-r) ir &y
: , (39)
= UyBasbo + 2= (s * 5,805~ 2Prs D)

g

Uy= eZ/KR,-f,Z, Piap = Wolu)leuwp(u,)) and giop = (wau)le*uliwp(u;)). Using the symmetry we get pisg =0

(oo = B) and giep = 0 (¢ = B). Setting y = a and & = § we get a coupling constant composed of an intraband
(o = B) monopole-monopole interaction and of an interband (o # B) dipole-dipole term. Excitons may pair
due to the energy matrix element W(aBoulijii). At (a # B) the corresponding part of H' ; becomes:

1 [piaﬁ' P

H‘ij=52i=)’,azﬁ KR? BL-YB;B‘BIWB'B‘.}-hc)
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Adding H' ; in the exciton Hamiltonian as:
H = z(ij)aﬂs Tjops Bius Bt Zias Ein:v:uBim'i-H\ij . (40)

we can solve again the Schroedinger’s equation similar to Eq.(33) and get a dispersive pairing interaction
of excitons with a Van-der-Waals binding energy U, as:

2
EaB [ Olel j
Up=—"> —| , 41)
b 4 Xo RS
which can be renormalized by exciton-phonon coupling, and then we get
2
3 Eii ( Olvib J
"7 (B

The effective well-interchange frequency then becomes 8g/27.

DIMERS IN LAYERED MATERIALS

The dimer condensation has been observed in materials with conducting planes separated by parallel insu-
lating layers. Highly polarizable off-centered oxygens O(A) of an insulating layer may promote the forma-
tion of dimers: excitons or bipolarons. Here we will discuss the Bose condensation and binding energy of
dimers.

Bose condensation temperature of 2-D dimers
The Bose-condensation temperature of a gas of noninteracting 2-D dimers of bulk density n, is usually

written as (16,17):

_ 3318w

2/3_1/3

T.=
ksmzpmp

(43)
where myp is the transport effective mass. myp is a c-axis leak effective mass. Here we will present a way to
calculate ntyp and m1,p so that 7, can eventually be calculated. Given the monomer hopping energy, 7., the
dimer hopping term, #, is obtained by second-order perturbation from negative-U or small- polaron tight-
binding Hamiltonians as t, = 4(gt.,>/Us, U, is the dimer binding energy, g is the coordination number (18).
We get the effective dimer transport mass as:
i XY

Mp=—— = (44)

2teds 8(81 ,,,db)

where d is the dimer hopping distance.

The leaked mass m;p can be derived by tight-binding arguments using the axial CT energy gap Ecr, which is
the gap energy of two relevant orbital or hybrid axial states. Ec; will couple to the axial stretching modes
since they modulate the orbital overlap. A polaron-narrowed CT gap 2f,p results as:

tio = Esmer M (1= pop)cosech(dr) (45)

where Uer = Ecz'/4E,mcr and ycr= \/(ZEJW;T/ ho CT)\/ 1- u.?_,, . EJﬂCT = Gcrz/ZKcr and Awcy are the as-

sociated JT energy and bare- phonon frequency, respectively, Kcr = M CTQ)%T is the force constant of
the CT-coupled oscillator with reduced mass Mcr. The 1-D hops come across a barrier between two

configurational wells separated by d\p = 2,/hm rencr/ Kcr ucr . We get myp as:
h2
t%DdlzD .

Using Eqs.(43-46), the Bose condensation temperature can be calculated.

mp= (46)
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Binding energy
Assuming that the apical oxygen atom O(A) contributes to the pairing of in-plane carriers we get:
1
Ub=5avib(F1+FZ)'(Fl+F2) ) 47

where o is the O(A) electrostatic-polarizability tensor and F; is the electric field produced by the i-th
carrier at the apex site.

As O(A) traverses the off-centered volume its polarizability gets modified. Consequently o is the polariz-
ability tensor of an off-centered ellipsoid rather than of a single ion. Coupling to A2, bond-stretching yields
two off-centered sites along c-axis, and then one gets:

P-4
oz = A( HA) tanh( 14 )+ L4 sechz( L ) 3
3t4 keT/  ksT keT

and coupling to E, bond-bending yields four off-axis sites in layer as:

tE ( tE j . ( tE )
—=—exp| ——— | +sinh
Ol = O —PZE(I_“'?") kBT P ks ks
x T Uy — ’
3z exp(— ls )+cosh(—t’f—)
ks ksT

where P, ¢ are mixing dipoles and #4 ¢ are the tunneling splittings of the transfer between off-center sites.
1,5 are like #,p with their respective JT energies, force- and mixing- constants given by:

2F
tag=Emae “A,E(l - UA,E)COSCCh[% l-ui,g) . (48)

W 4.E

Using ¢4 ¢ in Eq.(47) through o.;; and o we get
1
Ur=>[os(Fi+F)+ouFil F=Fi+F: . (49)
Using point-charge electrostatics F; = i(e/ R,-’) R;, where R, is the separation between O(A) and the i-th
carrier. Writing F; = Fcosp we get:

Ub=(éij [liCOS(Rl,RZ)] [ausin2(¢)+azzcosz(q’)] ’ 0

where the angle (Ry,R;) = n-2¢ for a symmetric geometry with R, = R, = R. We calculate the polarizabili-
ties and minimize -U,, to get:

(popt=Sin_][ '%':—f‘&:)J . (5D

We find Qo ~ /4 for bihole dimers. There from we compute R and the optimal geometry of a pair. The
results of our calculations, using x = 5 (16), suggest that both intra- and inter- plane pairing are possible
with a hole-mediator separation of ~54, as shown in Fig.2.

o (La, Sr} 0 Cu02
Cu0p o] 0 Ba0

o (La, Sr) O cuop Fig2.
Likely geometries of intra-
{La, Sr) O O o) 8a0 ) )
and inter-layer hole dimers
Cu0p Cu02  in high-7, materials.
(La, Sr} 0
o) {La, Sr10 O (La,sr) ion
Cu0> @® Cu hole

o (La, SF) 0 O om
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T.-p phase diagrams

To incorporate a dependence on the number of excited electron-hole pairs we note that both the axial
hopping energies 7, and ¢, should depend on the carrier's density p, since they do so on the plane-to-apex
separation 7,, known to shrink as p increases: #, = 1.(p) = A/t t.(p) = t(0) + (dt.Jdr,X(dr./dp)p and r, =
1o(p) = Fa-(Farac)p Where 35f<4; 1., and ., relate to the undoped and heavily doped phases respectively.
The phase diagrams of non-interacting small bosons are then obtained as (17):

T.(p)= Elf‘ia\/mp,,)’d:[grm(p)]‘i—i x

(52)
3\/ P er D1+ ber @)][1-ber ()] °°se°h(%m - “é’) a

W cT

Eq.(52) holds for any mechanism yielding a pairing energy U,. The polarization model combines it with
Eq.(50). U, being temperature-dependent, Eq.(52) and Eq.(50) comprise a transcendent system to be
solved numerically for each T, as shown in Fig.3.

0r

D
=4
T

—
(-]
T

Critical temperature T, (K)

1 1 { P
0 0056 04 045 02 025 0.3
Doping concentration
Fig.3. The T;-x phase diagram of La,.,Sr,CuQO,.
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